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Preface

This book emerges from my earlier book Nonlinear Systems, but it is not a fourth
edition of it nor a replacement for it. Its mission and organization are different from
Nonlinear Systems. While Nonlinear Systems was intended as a reference and a text
on nonlinear system analysis and its application to control, this book is intended as
a text for a first course on nonlinear control that can be taught in one semester (forty
lectures). The writing style is intended to make it accessible to a wider audience
without compromising the rigor, which is a characteristic of Nonlinear Systems.
Proofs are included only when they are needed to understand the material; otherwise
references are given. In a few cases when it is not convenient to find the proofs in
the literature, they are included in the Appendix. With the size of this book about
half that of Nonlinear Systems, naturally many topics had to be removed. This is
not a reflection on the importance of these topics; rather it is my judgement of what
should be presented in a first course. Instructors who used Nonlinear Systems may
disagree with my decision to exclude certain topics; to them I can only say that those
topics are still available in Nonlinear Systems and can be integrated into the course.

An electronic solution manual is available to instructors from the publisher, not
the author. The instructors will also have access to Simulink models of selected
exercises. The Instructor Resource Center (IRC) for this book (www.pearsonglobal
editions.com/khalil) contains the solution manual, the Simulink models of selected
examples and the pdf slides of the course. To gain access to the IRC, please contact
your local Pearson sales representative.

The book was typeset using KTEX. Computations were done using MATLAB
and Simulink. The figures were generated using MATLAB or the graphics tool
of TRX.

I am indebted to many colleagues, students, and readers of Nonlinear Systems,
and reviewers of this manuscript whose feedback was a great help in writing this
book. T am grateful to Michigan State University for an environment that allowed
me to write the book, and to the National Science Foundation for supporting my
research on nonlinear feedback control.

Hassan Khalil

Pearson would like to thank and acknowledge Lalu Seban (National Institute
of Technology, Silchar) and Zhiyun Lin (Zhejiang University) for their contribu-
tions to the Global Edition, and Sunanda Khosla (writer), Ratna Ghosh (Jadavpur
University), and Nikhil Marriwala (Kurukshetra University) for reviewing the Global
Edition.
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Chapter 1

Introduction

The chapter starts in Section 1.1 with a definition of the class of nonlinear state
models that will be used throughout the book. It briefly discusses three notions
associated with these models: existence and uniqueness of solutions, change of
variables, and equilibrium points. Section 1.2 explains why nonlinear tools are
needed in the analysis and design of nonlinear systems. Section 1.3 is an overview
of the next twelve chapters.

1.1 Nonlinear Models

We shall deal with dynamical systems, modeled by a finite number of coupled first-
order ordinary differential equations:

i’l = fl(t,xl,...,xn,ul,...,um)
562 - f2(t3x17"'7x7lau17"'aum)
Tn = falt,T1, .o TpyUty .. Uy

where #; denotes the derivative of x; with respect to the time variable ¢ and wq,
Ug, ..., Uy are input variables. We call z1, xo, ..., =, the state variables. They
represent the memory that the dynamical system has of its past. We usually use

13



14 CHAPTER 1. INTRODUCTION

vector notation to write these equations in a compact form. Define

[ 2 ] [ fl(tv'r?u) 1
T
€2 f2(t7x7u)
U2
T = , U= , Sz, u) =
L um -
e | falt,z,u) |

and rewrite the n first-order differential equations as one n-dimensional first-order
vector differential equation

&= f(t,z,u) (1.1)

We call (1.1) the state equation and refer to z as the state and u as the input.
Sometimes another equation,
y = h(t,r,u) (1.2)

is associated with (1.1), thereby defining a ¢-dimensional output vector y that com-
prises variables of particular interest, like variables that can be physically measured
or variables that are required to behave in a specified manner. We call (1.2) the
output equation and refer to equations (1.1) and (1.2) together as the state-space
model, or simply the state model. Several examples of nonlinear state models are
given in Appendix A and in exercises at the end of this chapter. For linear systems,
the state model (1.1)—(1.2) takes the special form

&t = A({t)x+ B(t)u
= C(t)z+ D(t)u

Sometimes we consider a special case of (1.1) without explicit presence of an
input u, the so-called unforced state equation:

i = f(t,x) (1.3)

This case arises if there is no external input that affects the behavior of the system,
or if the input has been specified as a function of time, u = (), a feedback function
of the state, u = y(x), or both, u = (¢, z). Substituting v = v in (1.1) eliminates
u and yields an unforced state equation.

In dealing with equation (1.3), we shall typically require the function f(¢,z) to
be piecewise continuous in ¢ and locally Lipschitz in x over the domain of interest.
For a fixed x, the function f(¢,x) is piecewise continuous in ¢ on an interval J C R
if for every bounded subinterval Jy C J, f is continuous in ¢ for all ¢ € Jy, except,
possibly, at a finite number of points where f may have finite-jump discontinuities.
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This allows for cases where f(t,z) depends on an input u(t) that may experience
step changes with time. A function f(¢,z), defined for t € J C R, is locally
Lipschitz in = at a point z if there is a neighborhood N(zg,r) of z¢, defined by
N(zg,r) = {||]x — zo|| < r}, and a positive constant L such that f(¢,z) satisfies the
Lipschitz condition

1f(t2) = f(E& 9l < Lllz—y (1.4)

for all t € J and all x,y € N(x0,r), where
lzll = VaTe = \fat + -+ o}

A function f(t,x) is locally Lipschitz in  on a domain (open and connected set)
D C R™ if it is locally Lipschitz at every point x¢g € D. It is Lipschitz on a set
W if it satisfies (1.4) for all points in W, with the same Lipschitz constant L. A
locally Lipschitz function on a domain D is not necessarily Lipschitz on D, since
the Lipschitz condition may not hold uniformly (with the same constant L) for all
points in D. However, a locally Lipschitz function on a domain D is Lipschitz on
every compact (closed and bounded) subset of D. A function f(¢,z) is globally
Lipschitz if it is Lipschitz on R™.

When n =1 and f depends only on x, the Lipschitz condition can be written as

[f(y) = f(=)]

<L
ly — x|

which implies that on a plot of f(x) versus z, a straight line joining any two points
of f(x) cannot have a slope whose absolute value is greater than L. Therefore,
any function f(x) that has infinite slope at some point is not locally Lipschitz at
that point. For example, any discontinuous function is not locally Lipschitz at the
points of discontinuity. As another example, the function f(z) = 2'/3 is not locally
Lipschitz at = 0 since f'(x) = (1/3)z~2/3 — 0o as x — 0. On the other hand, if
f/(x) is continuous at a point x¢ then f(x) is locally Lipschitz at the same point
because continuity of f’(z) ensures that |f/(z)| is bounded by a constant k in a
neighborhood of xg; which implies that f(x) satisfies the Lipschitz condition (1.4)
over the same neighborhood with L = k.

More generally, if for ¢ in an interval J C R and z in a domain D C R",
the function f(¢,z) and its partial derivatives df;/0x; are continuous, then f(¢,z)
is locally Lipschitz in z on D.!' If f(t,x) and its partial derivatives Jf;/dx; are
continuous for all x € R™, then f(t,z) is globally Lipschitz in z if and only if
the partial derivatives Jf;/0x; are globally bounded, uniformly in ¢, that is, their
absolute values are bounded for all t € J and x € R™ by constants independent of
(t,z).2

ISee [74, Lemma 3.2] for the proof of this statement.
2See [74, Lemma 3.3] for the proof of this statement.
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Example 1.1 The function
fla) = [ —Z1+ T1T2 }

T2 — T1T2

is continuously differentiable on R?. Hence, it is locally Lipschitz on R?. It is not
globally Lipschitz since f; /0z2 and 8 f,/dz; are not uniformly bounded on R?. On
any compact subset of R?, f is Lipschitz. Suppose we are interested in calculating
a Lipschitz constant over the set W = {|x1| < a, |x2| < a}. Then,

Ifi(z) — fi(y)| < lz1 — wa] + |z122 — y1y2|

|f2(x) = fa(y)| < |22 — y2| + |z122 — Y172
Using the inequalities

|z122 — y1ye| = |1 (z2 — y2) + y2 (@1 — y1)| < alze — yo| + alzy — y1|

|21 — y1| |z2 — yo| < 3|2y — yil® + Llzs — yal?
we obtain
1f(@) = FWI° = fi(x) = L) + |f2(2) = fo(y)]* < (1 +20)% |z — y]|?
Therefore, f is Lipschitz on W with the Lipschitz constant L = 1 + 2a. A

Example 1.2 The function

J(@) = [ _sat(zs + 22) ]

is not continuously differentiable on R?. Using the fact that the saturation function
sat(-) satisfies |sat(n) — sat(£)| < |n — &]|, we obtain

1f() = fWI* < (z2—y2)*+ (21 4+ 22 — 41 — y2)°
< (z1—)? 20z —y1) (2 — y2) + 2(22 — yo)?
Using the inequality

a1"7T1 1
2 2 _
a“ + 2ab+ 2b _{b} [1 9

we conclude that
If(x) = f(y)l < V2.618 [lz —yl, Vaz,yeR?

Here we have used a property of positive semidefinite symmetric matrices; that is,
2T Pr < Mpax(P) 272, for all 2 € R™, where Apax(+) is the maximum eigenvalue of
P. A more conservative (larger) Lipschitz constant will be obtained if we use the
more conservative inequality

a® 4 2ab + 2b* < 2a% + 3b? < 3(a® + b?)
resulting in a Lipschitz constant L = /3. A
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The local Lipschitz property of f(t,z) ensures local existence and uniqueness of
the solution of the state equation (1.3), as stated in the following lemma.?

Lemma 1.1 Let f(t,x) be piecewise continuous in t and locally Lipschitz in x at
xo, for allt € [to,t1]. Then, there is § > 0 such that the state equation @ = f(t,z),
with x(tg) = xo, has a unique solution over [ty,to + d]. &

Without the local Lipschitz condition, we cannot ensure uniqueness of the solu-
tion. For example, the state equation & = /%, whose right-hand side function is
continuous but not locally Lipschitz at z = 0, has z(t) = (2t/3)%/? and z(t) = 0 as
two different solutions when the initial state is 2(0) = 0.

Lemma 1.1 is a local result because it guarantees existence and uniqueness of
the solution over an interval [t,to + 6], but this interval might not include a given
interval [to,t1]. Indeed the solution may cease to exist after some time.

Example 1.3 In the one-dimensional system # = —x?, the function f(z) = —a?
is locally Lipschitz for all z. Yet, when we solve the equation with x(0) = —1, the
solution z(t) = 1/(t — 1) tends to —oo as t — 1. A

The phrase “finite escape time” is used to describe the phenomenon that a solution
escapes to infinity at finite time. In Example 1.3, we say that the solution has a
finite escape time at ¢t = 1.

In the forthcoming Lemmas 1.2 and 1.3,* we shall give conditions for global
existence and uniqueness of solutions. Lemma 1.2 requires the function f to be
globally Lipschitz, while Lemma 1.3 requires f to be only locally Lipschitz, but
with an additional requirement that the solution remains bounded. Note that the
function f(z) = —2% of Example 1.3 is locally Lipschitz for all # but not globally
Lipschitz because f’(x) = —2z is not globally bounded.

Lemma 1.2 Let f(t,x) be piecewise continuous in t and globally Lipschitz in x for
all t € [to,t1]. Then, the state equation & = f(t,x), with x(ty) = xg, has a unique
solution over [to,t1]. <&

The global Lipschitz condition is satisfied for linear systems of the form
T =A(t)x + g(t)

when [|A(t)|| < L for all ¢ > t, but it is a restrictive condition for general nonlinear
systems. The following lemma avoids this condition.

Lemma 1.3 Let f(t,z) be piecewise continuous in t and locally Lipschitz in x for
allt >ty and all z in a domain D C R"™. Let W be a compact (closed and bounded)
subset of D, xg € W, and suppose it is known that every solution of

= f(t,a), alto) =0

lies entirely in W. Then, there is a unique solution that is defined for all t > ty. <

3See [74, Theorem 3.1] for the proof of Lemma 1.1. See [56, 62, 95] for a deeper look into exis-
tence and uniqueness of solutions, and the qualitative behavior of nonlinear differential equations.
4See [74, Theorem 3.2] and [74, Theorem 3.3] for the proofs of Lemmas 1.2 and 1.3, respectively.
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The trick in applying Lemma 1.3 is in checking the assumption that every so-
lution lies in a compact set without solving the state equation. We will see in
Chapter 3 that Lyapunov’s method for stability analysis provides a tool to ensure
this property. For now, let us illustrate the application of the lemma by an example.

Example 1.4 Consider the one-dimensional system

The function f(z) is locally Lipschitz on R, but not globally Lipschitz because
f'(z) = —32? is not globally bounded. If, at any instant of time, x(¢) is positive,
the derivative &(t) will be negative and z(t) will be decreasing. Similarly, if x(¢) is
negative, the derivative & (t) will be positive and x(¢) will be increasing. Therefore,
starting from any initial condition x(0) = a, the solution cannot leave the compact
set {|z| < |a|}. Thus, we conclude by Lemma 1.3 that the equation has a unique
solution for all ¢ > 0. A

A special case of (1.3) arises when the function f does not depend explicitly on
t; that is,
&= f(x)

in which case the state equation is said to be autonomous or time invariant. The
behavior of an autonomous system is invariant to shifts in the time origin, since
changing the time variable from ¢ to 7 = t —a does not change the right-hand side of
the state equation. If the system is not autonomous, then it is called nonautonomous
or time varying.

More generally, the state model (1.1)—(1.2) is said to be time invariant if the
functions f and h do not depend explicitly on ¢; that is,

&= f(z,u), y = h(z,u)

If either f or h depends on t, the state model is said to be time varying. A time-
invariant state model has a time-invariance property with respect to shifting the
initial time from tg to tg + a, provided the input waveform is applied from ty + a
instead of tg. In particular, let (z(t),y(t)) be the response for ¢ > ¢ to initial state
x(to) = z¢ and input wu(t) applied for ¢t > to, and let (Z(¢), g(t)) be the response for
t > to + a to initial state Z(tg + a) = &y and input a(t) applied for t > tg + a. Now,
take To = x¢ and u(t) = u(t —a) for t > tg + a. By changing the time variable from
t to t — a it can be seen that (t) = z(t — a) and §(t) = y(t — a) for t > ¢y + a.
Therefore, for time-invariant systems, we can, without loss of generality, take the
initial time to be to = 0.

A useful analysis tool is to transform the state equation from the z-coordinates
to the z-coordinates by the change of variables z = T'(z). For linear systems, the
change of variables is a similarity transformation z = Px, where P is a nonsingular
matrix. For a nonlinear change of variables, z = T'(x), the map T must be invertible;
that is, it must have an inverse map 7~1(-) such that z = T~(2) for all z € T(D),
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where D is the domain of T. Moreover, because the derivatives of z and x should
be continuous, we require both T'(-) and T~1(-) to be continuously differentiable. A
continuously differentiable map with a continuously differentiable inverse is known
as a diffeomorphism. A map T'(x) is a local diffeomorphism at a point zq if there
is a neighborhood N of zy such that T restricted to N is a diffeomorphism on N.
It is a global diffeomorphism if it is a diffeomorphism on R™ and T(R™) = R".
The following lemma gives conditions on a map z = T'(z) to be a local or global
diffeomorphism using the Jacobian matrix [0T/0z], which is a square matrix whose
(i,7) element is the partial derivative 9T;/0x ;.5

Lemma 1.4 The continuously differentiable map z = T(x) is a local diffeomor-
phism at xzq if the Jacobian matriz [0T/0x] is nonsingular at xo. It is a global
diffeomorphism if and only if [0T/0x] is nonsingular for all x € R™ and T is
proper; that is, lim|, | —o ||T(2)| = oco. <&

Example 1.5 In Section A.4 two different models of the negative resistance oscil-
lator are given, which are related by the change of variables

= T(a) = [—h(ml) - xg/ﬂ

T1

Assuming that h(x;) is continuously differentiable, the Jacobian matrix is

oTy 9Ty

8_T B Oxq Oxo B |:h/(131) 1/€:|

Ox T T 1 0
Bxl (93}2

Its determinant, 1/e, is positive for all . Moreover, T'(x) is proper because
IT @)1 = [A(x1) + w2 /e] + 7

which shows that lim|,|— [|7(x)| = oco. In particular, if |z1| — oo, so is ||T'(z)]|.
If |21] is finite while |z5] — oo, so is [h(z1) + 22/€]? and consequently || T(x)|. A

Equilibrium points are important features of the state equation. A point z* is
an equilibrium point of & = f(¢, x) if the equation has a constant solution z(t) = x*.
For the time-invariant system @ = f(z), equilibrium points are the real solutions of

f®)=0

An equilibrium point could be isolated; that is, there are no other equilibrium points
in its vicinity, or there could be a continuum of equilibrium points. The linear
system & = Ax has an isolated equilibrium point at x = 0 when A is nonsingular
or a continuum of equilibrium points in the null space of A when A is singular. It

5The proof of the local result follows from the inverse function theorem [3, Theorem 7-5]. The
proof of the global results can be found in [117] or [150].
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cannot have multiple isolated equilibrium points, for if x, and x; are two equilibrium
points, then by linearity any point on the line ax, + (1 — )z} connecting z, and z;
will be an equilibrium point. A nonlinear state equation can have multiple isolated
equilibrium points. For example, the pendulum equation

I = X9, To = —sinxy — bxo

has equilibrium points at (x1 = nmw,ze = 0) for n =0,£1,4+2,---.

1.2 Nonlinear Phenomena

The powerful analysis tools for linear systems are founded on the basis of the su-
perposition principle. As we move from linear to nonlinear systems, we are faced
with a more difficult situation. The superposition principle no longer holds, and
analysis involves more advanced mathematics. Because of the powerful tools we
know for linear systems, the first step in analyzing a nonlinear system is usually to
linearize it, if possible, about some nominal operating point and analyze the result-
ing linear model. This is a common practice in engineering, and it is a useful one.
However, there are two basic limitations of linearization. First, since linearization
is an approximation in the neighborhood of an operating point, it can only pre-
dict the “local” behavior of the nonlinear system in the vicinity of that point. It
cannot predict the “nonlocal” behavior far from the operating point and certainly
not the “global” behavior throughout the state space. Second, the dynamics of
a nonlinear system are much richer than the dynamics of a linear system. There
are “essentially nonlinear phenomena” that can take place only in the presence of
nonlinearity; hence, they cannot be described or predicted by linear models. The
following are examples of essentially nonlinear phenomena:

e Finite escape time. The state of an unstable linear system goes to infinity
as time approaches infinity; a nonlinear system’s state, however, can go to
infinity in finite time.

o Multiple isolated equilibria. A linear system can have only one isolated equi-
librium point; thus, it can have only one steady-state operating point that
attracts the state of the system irrespective of the initial state. A nonlinear
system can have more than one isolated equilibrium point. The state may
converge to one of several steady-state operating points, depending on the
initial state of the system.

e Limit cycles. For a linear time-invariant system to oscillate, it must have a
pair of eigenvalues on the imaginary axis, which is a nonrobust condition that
is almost impossible to maintain in the presence of perturbations. Even if we
do so, the amplitude of oscillation will be dependent on the initial state. In
real life, stable oscillation must be produced by nonlinear systems. There are
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nonlinear systems that can go into oscillation of fixed amplitude and frequency,
irrespective of the initial state. This type of oscillation is known as limit cycles.

e Subharmonic, harmonic, or almost-periodic oscillations. A stable linear sys-
tem under a periodic input produces a periodic output of the same frequency.
A nonlinear system under periodic excitation can oscillate with frequencies
that are submultiples or multiples of the input frequency. It may even gener-
ate an almost-periodic oscillation, an example of which is the sum of periodic
oscillations with frequencies that are not multiples of each other.

e Chaos. A nonlinear system can have a more complicated steady-state behavior
that is not equilibrium, periodic oscillation, or almost-periodic oscillation.
Such behavior is usually referred to as chaos. Some of these chaotic motions
exhibit randomness, despite the deterministic nature of the system.

e Multiple modes of behavior. It is not unusual for two or more modes of be-
havior to be exhibited by the same nonlinear system. An unforced system
may have more than one limit cycle. A forced system with periodic excita-
tion may exhibit harmonic, subharmonic, or more complicated steady-state
behavior, depending upon the amplitude and frequency of the input. It may
even exhibit a discontinuous jump in the mode of behavior as the amplitude
or frequency of the excitation is smoothly changed.

In this book, we encounter only the first three of these phenomena.® The phe-
nomenon of finite escape time has been already demonstrated in Example 1.3, while
multiple equilibria and limit cycles will be introduced in the next chapter.

1.3 Overview of the Book

Our study of nonlinear control starts with nonlinear analysis tools that will be
used in the analysis and design of nonlinear control systems. Chapter 2 introduces
phase portraits for the analysis of two-dimensional systems and illustrates some
essentially nonlinear phenomena. The next five chapters deal with stability analy-
sis of nonlinear systems. Stability of equilibrium points is defined and studied in
Chapter 3 for time-invariant systems. After presenting some preliminary results for
linear systems, linearization, and one-dimensional systems, the technique of Lya-
punov stability is introduced. It is the main tool for stability analysis of nonlinear
systems. It requires the search for a scalar function of the state, called Lyapunov
function, such that the function and its time derivative satisfy certain conditions.
The challenge in Lyapunov stability is the search for a Lyapunov function. How-
ever, by the time we reach the end of Chapter 7, the reader would have seen many
ideas and examples of how to find Lyapunov functions. Additional ideas are given

6To read about forced oscillation, chaos, bifurcation, and other important topics, consult [52,
55, 136, 146].



22 CHAPTER 1. INTRODUCTION

in Appendix C. Chapter 4 extends Lyapunov stability to time-varying systems and
shows how it can be useful in the analysis of perturbed system. This leads into the
notion of input-to-state stability. Chapter 5 deals with a special class of systems
that dissipates energy. One point we emphasize is the connection between passivity
and Lyapunov stability. Chapter 6 looks at input-output stability and shows that
it can be established using Lyapunov functions. The tools of Chapters 5 and 6 are
used in Chapter 7 to derive stability criteria for the feedback connection of two
stable systems.

The next six chapters deal with nonlinear control. Chapter 8 presents some
special nonlinear forms that play significant roles in the design of nonlinear con-
trollers. Chapters 9 to 13 deal with nonlinear control problems, including nonlinear
observers. The nonlinear control techniques we are going to study can be catego-
rized into five different approaches to deal with nonlinearity. These are:

e Approximate nonlinearity

e Compensate for nonlinearity

e Dominate nonlinearity

e Use intrinsic properties

e Divide and conquer
Linearization is the prime example of approximating nonlinearities. Feedback lin-
earization that cancels nonlinearity is an example of nonlinearity compensation.
Robust control techniques, which are built around the classical tool of high-gain
feedback, dominate nonlinearities. Passivity-based control is an example of a tech-
nique that takes advantage of an intrinsic property of the system. Because the
complexity of a nonlinear system grows rapidly with dimension, one of the effective
ideas is to decompose the system into lower-order components, which might be eas-
ier to analyze and design, then build up back to the original system. Backstepping
is an example of this divide and conquer approach.

Four appendices at the end of the book give examples of nonlinear state models,
mathematical background, procedures for constructing composite Lyapunov func-
tions, and proofs of some results. The topics in this book overlap with topics in
some excellent textbooks, which can be consulted for further reading. The list in-
cludes [10, 53, 63, 66, 92, 118, 129, 132, 144]. The main source for the material in
this book is [74], which was prepared using many references. The reader is advised
to check the Notes and References section of [74] for a detailed account of these
references.

1.4 Exercises

1.1 A general mathematical model that describes the system with n state variables,
m input variables and p output variables is given by
1= fi(zy, ... Tp, Uty U ), Tn = fn(T1, . Ty Ul,y e Upy)
y1 = g1(z1, . Tpy UL, Uy) Yp = gp(T1y. o Ty U, - . Upy)

where u is the input and y is the output. Linearise the model at an equilibrium
point T = [Z1, ZTa,. .. :Tcn]T and 4 = [Uy, g, . . . ﬂm]T. Find the state space model.





